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A graph G whose edges are coloured (not necessarily properly) contains a full rainbow
matching if there is a matching M that contains exactly one edge of each colour. We refute
several conjectures on matchings including the following, which is equivalent to a weakening
of Conjecture 2 below, which is in turn due to Aharoni and Berger [1, Conj. 2.5].
Conjecture 1. Let G be a bipartite graph with maximum degree ∆(G), whose edges are
coloured (not necessarily properly). If every colour appears on at least ∆(G) + 1 edges, then
G has a full rainbow matching.
To be precise, we disprove Conjectures 2.5 and 2.9 in [1], as well as Conjectures 5.3, 5.4,
6.1 and 6.2 made by Aharoni, Berger, Chudnovsky, Howard and Seymour [2].
To discuss these, we convert a graph G to a 3-uniform hypergraph H as follows. The
vertices of H are V (G) ∪ V1 where V1 is the set of colours used on edges of G. For each
edge {u, v} of G with colour c ∈ V1 there is a hyperedge {u, v, c} in H. Now a full rainbow
matching in G corresponds to a matching of H that covers all of the vertices in V1. We call
this a V1-matching. If G happens to be bipartite with bipartition V2 ∪ V3, then H will be
tripartite, because its vertices can be partitioned as V1 ∪ V2 ∪ V3 such that every hyperedge
includes one vertex from each of these three sets.
Let m be a positive even integer. We now construct a bipartite graph Gm that provides
a counterexample to Conjecture 1. There are m components in Gm, each isomorphic to a
double star which has two adjacent central vertices each of which has m/2 leaves attached
to it. The edge between the central vertices in each double star is coloured blue. In each
component, the edges incident with leaves all have one colour (not blue), which is specific
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Figure 1: The graph G6
Figure 2: A 2-regular graph with no rainbow matching.
to that component. Hence there are m + 1 colours overall, and each colour appears on m
edges. Figure 1 shows G6. There is no full rainbow matching in Gm because such a matching
must include a blue edge from some double star S. However, the colour of the other edges
in S then cannot be represented in the matching.
Let Hm be the tripartite hypergraph corresponding to Gm. Let V1 be the vertices of H
corresponding to the colours, and V2, V3 the sets of vertices corresponding to a bipartition of
G. Then every vertex in V1 has degree m. The vertices in V2 ∪ V3 all have degree either 1 or
m/2 + 1. For all even m > 4, this disproves the following conjecture of Aharoni and Berger
[1, Conj. 2.5] (repeated as [2, Conj. 5.3]).
Conjecture 2. Let H be a hypergraph with a vertex tripartition V (H) = V1 ∪ V2 ∪ V3 such
that every hyperedge includes exactly one vertex from Vi for i = 1, 2, 3. If δ(V1) > ∆(V2∪V3)
then H has a |V1|-matching.
Another way of saying the above is that Conjecture 1 is equivalent to Conjecture 2 with
an appropriate restriction on H.
We offer another (single) counterexample to Conjecture 2 based on the graph in Figure 2,
which has no rainbow matching. The corresponding tripartite hypergraph has δ(V1) = 3 >
2 = ∆(V2 ∪ V3). The line graph of the graph in Figure 2 was described in [3] and its
complement figured in [4]. In both cases the focus of the investigation was slightly different
from ours, so the generalisations that were offered are not relevant for us.
Interestingly, Aharoni and Berger [1, Thm 2.6] showed that in any tripartite hypergraph,
if δ(V1) > 2∆(V2 ∪ V3) then there must be a |V1|-matching. Our hypergraph Hm shows that
their theorem is close to tight, since the (minimum) degree δ(V1) of a vertex in V1 is nearly
double the maximum degree ∆(V2 ∪ V3) of the vertices outside V1.
Conjecture 2.9 of [1] generalises Conjecture 2, so it too is false. Similarly, [2, Conj. 6.1]
asserts that if δ(V1) > 2 + ∆(V2 ∪ V3) then there must be a |V1|-matching, so Hm is a
counterexample whenever m > 6.
2
Finally, we consider Conjectures 5.4 and 6.2 from [2]. These assert that a full rainbow
matching exists in an edge-coloured graph G (not necessarily bipartite) provided that the
number of edges of each colour is at least ∆(G) + 2. Again, Hm provides a counterexample.
Indeed, it shows that the 2 cannot be replaced by any constant.
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